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Abstract. From the mathematical perspective, lattices of closed de-
scriptions, which arise often in practical applications can be reduced to
concept lattices by means of the Basic Theorem of Formal Concept Anal-
ysis (FCA). From the computational perspective, in many cases it is more
advantageous to process closed descriptions and their lattices directly,
without reducing them to concept lattices. Here a method for computing
lattices with descriptions given by sets of graphs, starting with rough
approximations is considered and compared to previous approaches.

1 Introduction

Recently, the problem of analyzing data given by labeled (hyper)graphs attracted
much attention in various computer science communities due to its importance
in many applications, from chemistry to text analysis [2, 9, 14, 15, 17, 20, 28–30].
Like in Data mining of 1990s the researchers came to the idea of a closed graph
which can be very useful for defining association rules on graphs: As reported
in [30], CloseGraph algorithm computes frequent graphs much faster than its
forerunner gSpan [29], and WARMR [15], an ILP program.

As for FCA, a lattice on (closed) sets of labeled graphs, representing molecules,
was proposed much earlier [18–21]. The lattice on graph sets is induced by an
operation which takes a pair of graphs to the set of its maximal common sub-
graphs. This operation induces a meet (infimum) operation on sets of labeled
(hyper)graphs: it is idempotent (X � X = X), commutative (X � Y = Y � X),
and associative (X � (Y � Z) = (X � Y ) � Z). These properties allow one to
compute similarity of graph sets by means of algorithms for computing closed
sets (see review [16]) well-known in Formal Concept Analysis [12].

In [11] we described a general framework, called pattern structures, which
allows one to define similar lattices for sets of arbitrary partially-ordered de-
scriptions and relate them to concept lattices using the Basic Theorem of FCA.

The main problem in practical implementation of these lattices is that of com-
putational complexity, e.g., in case of graph sets even testing subgraph isomor-
phism is an NP-complete problem, the problem of computing common maximal
subgraphs of two graphs being NP-hard.
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A theoretical means for approximate computation in semilattices, called pro-
jections of pattern structures, was proposed in [11] and the first computer im-
plementation was described in [7].

The algorithm computing the lattice of graph sets described in [20] constructs
the lattice (seen in the same perspective as a concept lattice) in a bottom-up
way, starting from object “intents” (given by graphs). This algorithm is a simple
modification of a standard FCA algorithm, however it does not realize the idea
of constructing a sequence of projections, starting with the roughest one, and
refining it until an appropriate level [11]. In standard FCA, this would be an
algorithm which proceeds from attribute extents, however, one does not have
attributes when working with graph sets.

In this paper we propose an algorithm which constructs the lattice of graph
sets in a top-down way, starting from smallest subgraphs of the graphs in a
dataset. We show the advantages of this algorithm over the previous, bottom-up
algorithm.

The paper is organized as follows. In the second section we describe the general
theoretical framework for computing similarity (meet) of graph sets together
with a means for its approximate computations. In the third section we discuss
a method for analyzing graph datasets based on the framework and discuss
its drawbacks. In the fourth section we propose a new algorithm, discuss its
complexity and advantages over the previous approach.

2 Pattern Structures on Sets of Graphs

In [18–20] a semilattice on sets of graphs with labeled vertices and edges was
proposed and in [11] this semilattice was generalized to arbitrary pattern struc-
tures. As in the general case, the lattice on graph sets is based on a natural
“containment” (i.e., in case of graphs, subgraph isomorphism) relation between
graphs with labeled vertices and edges. Consider an ordered set P of connected
graphs1 with vertex and edge labels from the set L with partial order �. Each
labeled graph Γ from P is a quadruple of the form ((V, l), (E, b)), where V is
a set of vertices, E is a set of edges, l: V → L is a function assigning labels to
vertices, and b: E → L is a function assigning labels to edges.

For two graphs Γ1 := ((V1, l1), (E1, b1)) and Γ2 := ((V2, l2), (E2, b2)) from P
we say that Γ1 dominates Γ2 or Γ2 ≤ Γ1 (or Γ2 is a subgraph of Γ1) if there
exists an injection ϕ: V2 → V1 such that it

– respects edges: (v, w) ∈ E2 ⇒ (ϕ(v), ϕ(w)) ∈ E1,
– fits under labels: l2(v) � l1(ϕ(v)), (v, w) ∈ E2 ⇒ b2(v, w) � b1(ϕ(v), ϕ(w)).

Obviously, (P,≤) is a partially ordered set.
Example 1. Let L = {C, NH2, CH3, OH, x} then we have the following rela-
tions:

1 Omitting the condition of connectedness, one obtains a (computationally harder)
model that accounts for multiple occurrences of subgraphs.
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vertex labels are unordered x � A for any vertex label A ∈ L

Now a similarity operation � on graph sets can be defined as follows: For two
graphs X and Y from P

{X} � {Y } := {Z | Z ≤ X, Y, ∀Z∗ ≤ X, Y Z∗ 	≥ Z},

i.e., {X} � {Y } is the set of all maximal common subgraphs of graphs X and
Y . Similarity of non-singleton sets of graphs {X1, . . . , Xk} and {Y1, . . . , Ym} is
defined as

{X1, . . . , Xk} � {Y1, . . . , Ym} := MAX≤(∪i,j({Xi} � {Yj})),

where MAX≤(X) returns maximal (w.r.t. ≤) elements of X . Here is an example
of applying �:

CH3 C OH

C

NH2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

⎫
⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

�
CH3 C Cl

C

OH

,

C CH3

C

Cl

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

⎫
⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

=
C

C

OH

,

C CH3

C

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

The similarity operation � on graph sets is commutative: X � Y = Y � X and
associative: (X � Y ) � Z = X � (Y � Z).

A set X of labeled graphs from P for which � is idempotent, i.e., X � X =
X holds, is called a pattern of P . For patterns we have MAX≤(X) = X . For
example, for each graph g ∈ P the set {g} is a pattern. On the contrary, for
Γ1, Γ2 ∈ P such that Γ1 ≤ Γ2 the set {Γ1, Γ2} is not a pattern. Denote by D
the set of all patterns of P , then (D,�) is a semilattice with infimum (meet)
operator �. The natural subsumption order on patterns is given by

c � d : ⇐⇒ c � d = c.

Let E be a set of example names, and let δ : E → D be a mapping, taking
each example name to {g} for some labeled graph g ∈ P (thus, g is the “graph
description” of example e). The triple (E, (D,�), δ) is a particular case of a
pattern structure [11]. Another example of an operation � may be the following
semilattice on closed intervals from [19]: for a, b, c, d ∈ R, [a, b] � [c, d] = [max
{a, c}, min {b, d}] if [a, b] and [c, d] overlap, otherwise [a, b] � [c, d] = ∅. This
semilattice, where numbers are values of the activation energy (computed for
molecules by a standard procedure, e.g. see [32]) was used in predicting toxicity
of alcohols and halogen-substituted hydrocarbons (see Section 4). The resulting
similarity semilattice in this application is that on pairs, where the first element
is a graph set and the second element is a numerical interval.
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Derivation operators are defined as

A� := �e∈A δ(e) for A ⊆ E

and

d� := {e ∈ E | d � δ(e)} for d ∈ D.

For a, b ∈ D the pattern implication a → b holds if a� ⊆ b�, and the pattern
association rule a −→c,s b with confidence c and support s holds if |a�∩b�|

|G| ≥ s

and |a�∩b�|
|a�| ≥ c. Implications are the exact association rules, i.e., association

rules with confidence = 1. Operator (·)�� is a closure operator on patterns, since
it is

idempotent: d���� = d��,
extensive: d � d��,
monotone: d�� � (d ∪ c)��.

For a set X the set X�� is called closure of X . A set of labeled graphs X
is called closed if X�� = X . This definition is related to the notion of a closed
graph [30], which is important for computing association rules between graphs.
Closed graphs are defined in [30] in terms of “counting inference” as follows.

Given a labeled graph dataset D, the support of a graph g or support(g) is
the set (or the number) of graphs in D, in which g is a subgraph. A graph g is
called closed if no supergraph f of g (i.e., a graph such that g is isomorphic to
a subgraph of f) has the same support.

Note that the definitions distinguish between a closed graph g and the closed
set {g} consisting of one graph g. Closed sets of graphs form a meet semilattice
w.r.t. the infimum or meet operator. A finite meet semilattice is completed to a
lattice by introducing a unit (maximal) element. Closed graphs do not have this
property, since in general, there can be no supremum and/or no infimum of two
given closed graphs. Let a dataset described by a pattern structure (E, (D,�), δ)
be given.

Proposition. The following two properties hold for a pattern structure
(E, (D,�), δ):

1. For a closed graph g there is a closed set of graphs G such that g ∈ G.
2. For a closed set of graphs G and an arbitrary g ∈ G, graph g is closed.

Proof. 1. Consider the closed set of graphs G = {g}��. Since G consists of all
maximal common subgraphs of graphs that have g as a subgraph, G contains as
an element either g or a supergraph f of g. In the first case, property 1 holds.
In the second case, we have that each graph in G that has g as a subgraph also
has f as a subgraph, so f has the same support as g, which contradicts the fact
that g is closed. Thus, G = {g}�� is a closed set of graphs satisfying property 1.
2. Consider a closed set of graphs G and g ∈ G. If g is not a closed graph, then
there is a supergraph f of it with the same support as g has and hence, with the
same support as G has. Since G is the set of all maximal common subgraphs of
the graphs describing examples from the set G� (i.e, its support), f ∈ G should
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hold. This contradicts the fact that g ∈ G, since a closed set of graphs cannot
contain as elements a graph and a supergraph of it (otherwise, its closure does
not coincide with itself). �

Therefore, one can use algorithms for computing closed sets of graphs, e.g., the
algorithm in [20], to compute closed graphs. With this algorithm one can also
compute all frequent closed sets of graphs, i.e., closed sets of graphs with support
above a fixed minsup threshold (by introducing a minor variation of the condition
that terminates computation branches).

Computing � may require considerable computation resources: even testing
� is NP-complete. To approximate graph sets we consider projection (kernel)
operators [11], i.e. mappings of the form ψ: D → D that are

monotone: if x � y, then ψ(x) � ψ(y),
contractive: ψ(x) � x, and
idempotent: ψ(ψ(x)) = ψ(x).

Any projection of the semilattice (D,�) is �-preserving, i.e., for any X, Y ∈ D

ψ(X � Y ) = ψ(X) � ψ(Y ),

which helps us to relate learning results in projections to those with initial
representation (see Section 3).

In our computer experiments in [22] we used several types of projections of
sets of labeled graphs that are natural in chemical applications:

– k-chain projection: a set of graphs X is taken to the set of all chains with k
vertices that are subgraphs of at least one graph of the set X ;

– k-vertex projection: a set of graphs X is taken to the set of all subgraphs
with k vertices that are subgraphs of at least one graph of the set X ;

– k-cycles projection: a set of graphs X is taken to the set of all subgraphs
consisting of k adjacent cycles of a minimal cyclic basis of at least one graph
of the set X .

3 Analyzing Graph Datasets Using Lattice-Based
Approaches

JSM-hypotheses were defined in [6] by means of a special logical language for
standard object-attribute representation. These hypotheses were redefined as
JSM- or concept-based hypotheses in [10, 11, 19, 20] in terms of Formal Concept
Analysis (FCA). For graph sets hypotheses can be defined as follows. Suppose
we have a set of positive examples E+ and a set of negative examples E− w.r.t.
a target attribute.

A graph set h ∈ D is a positive hypothesis iff

h� ∩ E− = ∅ and ∃A ⊆ E+ : A� = h.
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Fig. 1.

Informally, a positive hypothesis is a similarity of positive examples, which does
not cover any negative example. A negative hypothesis is defined analogously, by
interchanging + and −.

The meet-preserving property of projections implies that a hypothesis Hp in
data under projection ψ corresponds to a hypothesis H in the initial represen-
tation for which the image under projection is equal to Hp, i.e., ψ(H) = Hp.

Hypotheses are used for classification of undetermined examples along the
lines of [6] in the following way. If e is an undetermined example (example
with the unknown target value), then a hypothesis h with h � δ(e) is for the
positive classification of g if h is a positive hypothesis and h is for the negative
classification of e if h is a negative hypothesis.

An undetermined example e is classified positively if there is a hypothesis
for its positive classification and no hypothesis for its negative classification.
Example e is classified negatively in the opposite case. If there are hypotheses for



Computing Graph-Based Lattices from Smallest Projections 41

both positive and negative classification, then some other methods (e.g., based
on standard statistical techniques) may be applied. Obviously, for classification
purposes it suffices to use only hypotheses minimal w.r.t. subsumption �.

Notwithstanding its simplicity, the model of learning and classification with
concept-based hypotheses proved to be efficient in numerous computer experi-
ments, including PTC competition [4, 25].

An algorithm for computing hypotheses on closed graph sets was described
in [20]. In [22] the algorithm was realized by simulating � operation with usual
set-theoretic intersection ∩ in the following way. For each example e described
by a labeled graph δ(e) first a set of all subgraphs of δ(e) is computed up to the
projection level k = N . Each such subgraph is declared to be a binary attribute
and example e is represented by the set S(e) of binary attributes that correspond
to subgraphs of δ(e). For two examples e1 and e2 the intersection S(e1) ∩ S(e2)
is equivalent to finding the similarity ψ(δ(e1)) � ψ(δ(e2)).

Example 2. In Figure 1 consider JSM-hypotheses for the dataset with posi-
tive examples described by graphs Γ1,..,Γ4 and negative examples described by
graphs Γ5 and Γ6. Here Γ1 � Γ2 � Γ3 and Γ2 � Γ3 � Γ4 are minimal positive
hypotheses, whereas Γ1 � Γ2 � Γ3 � Γ4 is not a positive hypothesis.

Standard Weka procedures for C4.5, Naive Bayes and JRip were run [22] in
QuDA environment [13, 26]. Computing concept-based hypotheses in QuDA is
realized by means of algorithms for computing lattices of closed sets (or concept
lattices), see review [16].

After that reduction of attributes [12] was performed: each column of the
example/attribute binary table that is equal to the (component-wise) product
(conjunction) of some other columns, was removed. Reduction guarantees [12]
that thus reduced set of columns gives rise to the isomorphic lattice of closed sets
of attributes and thus, to the same set of concept-based hypotheses as defined
above.

The whole PBRL (project-binarize-reduce-learn) procedure proposed in [22]
looks as follows:

1. For each example e and for k compute i-projections of δ(e) for 1 ≤ i ≤ k.
The subgraphs from these projections are declared to be attributes;

2. Compose example/attribute context;
3. For each learning method LM run LM, classify examples from test sets,

compute cross validation;
4. Clarify and reduce the binary (example/attribute) context;
5. For reduced context and for each learning method LM run LM, classify

examples from test sets, compute cross-validation.

Using this approach we analyzed several chemical datasets2 in [22]. For each
dataset we computed graph projections: mostly, k-vertex projections and k-
cycles projections for the dataset with polycyclic aromatic hydrocarbons. Every
subgraph of each graph in the projection (up to isomorphism) was declared to

2 These datasets can be downloaded from http://ilp05-viniti.narod.ru

http://ilp05-viniti.narod.ru
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be a binary attribute, so each graph dataset was turned into a binary object-
attribute table, which was then reduced. For each dataset we ran several learning
methods realized within QuDA environment (JSM or concept-based hypotheses,
induction of decision trees by C4.5, Naive Bayes, JRip) comparing the results
with those based on same learning methods and a chemical (descriptor) attribute
language, called FCSS [1], with predefined descriptors.

Although the results of comparison were in favor of graph representation, the
major problem of this approach that we encountered in [22] was that of space
complexity: although usually the reduced set of attributes was feasible, the initial
set of attributes before reduction was too large. For databases we studied, we
usually could not produce projections of size larger than 9 for all graphs in the
database. By the definition of a projection, one cannot do it object-incrementally,
but one can do it attribute-incrementally. For graph projections this means that
one should start from smallest subgraphs of graphs from a dataset and proceed
by increasing the graph size. Another point is that instead of considering k-
projections of graphs, one can consider closures of these projections, since they
are subgraphs of the same graphs in the dataset as the initial k-projections. Thus,
we come up to the necessity of designing an algorithm that would construct the
pattern lattice on graph sets in the top-down way: starting with smallest possible
graphs.

4 A Top-Down Algorithm

In this section we propose a top-down algorithm for computing the set of all
pattern concepts together with the covering relation on the set of concepts (i.e.,
graph of the diagram).

Assume that graph edges are unlabeled. This does not result in the loss of
generality, since the case with labeled edges can be reduced to the one with
labeled vertices. Let the set of vertex labels be L = {l1, . . . , ln}, the vertex
labeling function is denoted by l(·) and G = {Γ1, . . . , Γm} denotes a set of graphs.
For i ∈ [1, m], let Γi = (Vi, Ei) and for j ∈ [1, |Vi|] let vj

i denote the jth vertex
of Γi. Let also k ∈ [1, n], and Λ be a special symbol.

if k < n then next(G, Γi, v
j
i , ak) = (G, Γi, v

j
i , ak+1) else

if j < |Vi| then next(G, Γi, v
j
i , ak) = (G, Γi, v

j+1
i , a1) else

if i < m then next(G, Γi, v
j
i , ak) = (G, Γi+1, v

1
i+1, a1)

else next(G, Γi, v
j
i , ak) = Λ.

The function “+” below realizes the idea of a “minimal extension” of a graph
set. If we consider only connected subgraphs, the function +(G, Γi, v

j
i , ak) is

defined as follows: +Λ = Λ,

+(G, Γi, v
j
i , ak) := (G \ Γi) ∪ Γ ∗

i ,

where

Γ ∗
i = (V ∗

i , E∗
i ), V ∗

i = Vi ∪ {v}, E∗
i = Ei ∪ (vj

i , v), v 	∈ Vi, l(v) = ak.
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If one considers not necessarily connected subgraphs, then the definition of next
and “+” should be made independent of the “connecting” vertex vj

i , e.g., for “+”
operation as

+(G, Γi, ak) := (G \ Γi) ∪ Γ ∗
i ,

where
Γ ∗

i = (V ∗
i , Ei), V ∗

i = Vi ∪ {v}, v 	∈ Vi, l(v) = ak.

Further on we consider only the case of connected subgraphs, the case with
general subgraphs is treated similarly.

By definitions, (+next(G, Γi, v
j
i , ak))� is the set of objects with common de-

scription (+next(G, Γi, v
j
i , ak)), i.e., a pattern extent. The pattern

(+next(G, Γi, v
j
i , ak))��

is the closure of the pattern

(+next(G, Γi, v
j
i , ak)).

We set by definition Λ�� = Λ� = ∅.
If X stays for a pattern concept (G�,G) the function covers(X) computes

concepts which X covers in the lattice order, i.e., taking the set
⋃

i,j,k

(+(next(G, Γi, v
j
i , ak)))�

it returns concepts that correspond to maximal extents of this set. This function
can be efficiently realized (in O(|X |2 ·|G|) time), since extents are given as tuples.

There can be various efficient implementations of storing concepts together
with the covering relation on them. For the sake of simplicity we consider here
the one, consisting of the (lexicographically ordered) extent list, where from each
extent there is a pointer to the corresponding intent and a pointer to the set
of concepts covered by the pattern concept with this extent. So, the function
save(X ,covers(X)) takes a concept X , the corresponding set covers(X) and
inserts extent of X in the list of extents, making pointers to intent of X and
elements of covers(X) in the list of extents.

The top-down algorithm for graph lattices (TDAGL) traverses the diagram of
the lattice in a standard depth-first way. The right margin shows the worst-case
complexity of the algorithms steps

tdagl(X):
mark X as visited O(1)
process(X) O((α + β) · maxi|Vi| · m · n · |G|)
for all Y ∈ covers(X) and Y not visited do

tdagl(Y )
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The procedure process(X) for X = (G�,G��) is described as follows:

process(X)
for all i, j, k

compute (+next(G, Γi, v
j
i , ak))�� O(α · maxi|Vi| · m · n · |G|)

compute (+next(G, Γi, v
j
i , ak))� O(β · maxi|Vi| · m · n · |G|)

save(X , covers(X)) O(|G|)
for all Y ∈ covers(X) do

if extent(Y ) 	∈ extentlist then insert(extent(Y ), extentlist)
O(|G| · |covers(X)|).

4.1 Top-Down and Bottom-Up Algorithms

The total worst-case complexity of TDAGL, which constructs the set of all pat-
tern concepts together with the covering relation on them is

O((α + β) · | ≺ | · maxi|Vi| · m · n · |G|),

where | ≺ | is the size of the covering relation ≺ on pattern concepts (i.e., the
number of edges in the lattice diagram). This complexity is similar to that of
the bottom-up algorithm.

If we compare computing graph-based hypotheses with a bottom-up algorithm
from [20] and TDAGL, we see that the latter one, supplied with an additional
command line, can backtrack generating a graph set G such that G� ⊆ G+,
thus outputting minimal hypotheses. With TDAGL one can efficiently compute
“weaker” hypotheses, based on a relaxation of the definition of a positive hy-
pothesis that allows for a restricted amount of counterexamples: |G� ∩G−| ≤ k,
where k is a parameter.

Another advantage of TDAGL in comparison with the algorithm described
in [20] is that the former can be considered as an algorithm for level-wise con-
struction of projections, starting from smallest ones. To be more precise, TDAGL
constructs closures (in the sense of (·)�� operator) of projections, which is more
useful. Indeed, consider two graph projections p1 and p2 that are subgraphs of
same graphs from the graph dataset. In PBRL procedure (see Section 2) these
two projections would first correspond to different attributes (they will be clari-
fied only on step 4), thus resulting in the above mentioned drastic growth of the
number of attributes. However, in TDAGL the two projections p1 and p2 will
occur together in the same pattern intent. Actually, the kth level of TDAGL out-
put gives closures of kth projections, the number of which is much smaller than
that of kth projections. The graphs comprising these closures may be declared
attributes of the representation context, thus making the number of attributes
smaller than the number of initial attributes in PBRL. Thus, TDAGL allows
one to change the first step of PBRL to

1*. For each example e and for k compute k-projections of δ(e). The graphs from
closures of these projections are declared to be attributes.
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5 Conclusions

Lattices arising from descriptions other than sets of attributes are well-known
in FCA. Mathematically they are reduced to concept lattices by means of the
Basic Theorem of FCA. From the computer science perspective these lattices
present problems related to computational complexity.

A method for computing lattices with descriptions given by sets of graphs,
starting with rough approximations (low-level projections) was proposed. The
algorithm starts from minimal subgraphs and proceeds stepwise using lexico-
graphical order on lists of extents. In contrast to the previous algorithm which
constructs the lattice of graph sets bottom-up (starting from object descrip-
tions), this approach allows one to stop at an appropriate level of approximation
(projection), thus saving much time and space.
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ative Examples. In: Żytkow, J.M., Rauch, J. (eds.) PKDD 1999. LNCS (LNAI),
vol. 1704, pp. 384–391. Springer, Heidelberg (1999)

21. Liquiere, M., Sallantin, J.: Structural Machine Learning with Galois Lattice and
Graphs. In: Shavlik, J.W. (ed.) Proc. 15th International Conference on Machine
Learning, ICML 1998, pp. 305–313 (1998)

22. Kuznetsov, S.O., Samokhin, M.V.: Learning Closed Sets of Labeled Graphs for
Chemical Applications. In: Kramer, S., Pfahringer, B. (eds.) ILP 2005. LNCS
(LNAI), vol. 3625, pp. 190–208. Springer, Heidelberg (2005)

23. Nguyen, P.C., Washio, T., Ohara, K., Motoda, H.: Using a Hash-Based Method for
Apriori-Based Graph Mining. In: Boulicaut, J.-F., Esposito, F., Giannotti, F., et
al. (eds.) PKDD 2004. LNCS (LNAI), vol. 3202, pp. 349–361. Springer, Heidelberg
(2004)

24. Pfahringer, B.: The Futility of Trying to Predict Carcinogenicity of Chemi-
cal Compounds. In: Helma, C., King, R.D., Kramer, S., Srinivasan, A. (eds.)
Proc. of the Workshop on Predictive Toxicology Challenge at the 5th Confer-
ence on Data Mining and Knowledge Discovery, PKDD 2001, September 7 (2001),
http://www.predictive-toxicology.org/ptc/

25. Helma, C., King, R.D., Kramer, S., Srinivasan, A. (eds.): Proc. of the Workshop
on Predictive Toxicology Challegnge at the 5th Conference on Data Mining and
Knowledge Discovery, PKDD 2001, September 7 (2001),
http://www.predictive-toxicology.org/ptc/

26. Grigoriev, P.A., Yevtushenko, S.A., Grieser, G.: QuDA, a data miner’s discovery
environment, FG Intellektik, FB Informatik, Technische Universität Darmstadt,
Technical Report AIDA-03-06 (2003),
http://www.intellektik.informatik.tu-darmstadt.de/~peter/QuDA.pdf

http://www.predictive-toxicology.org/ptc/
http://www.predictive-toxicology.org/ptc/
http://www.intellektik.informatik.tu-darmstadt.de/~peter/QuDA.pdf


Computing Graph-Based Lattices from Smallest Projections 47

27. Sebag, M.: Delaying the Choice of Bias: A Disjunctive Version Space Approach. In:
Saitta, L. (ed.) Proc. of the 13th International Conference on Machine Learning,
pp. 444–452 (1996)

28. Washio, T., Motoda, H.: State of the art of graph-based data mining. SIGKDD
Explorations Newsletter 5(1), 59–68 (2003)

29. Yan, X., Han, J.: gSpan: Graph-Based Substructure Pattern Mining. In: Proc.
IEEE Int. Conf. on Data Mining, ICDM 2002, pp. 721–724 (2002)

30. Yan, X., Han, J.: CloseGraph: mining closed frequent graph patterns. In: Getoor,
L., Senator, T.E., Domingos, P., Faloutsos, C. (eds.) Proc. of the 9th ACM
SIGKDD Int. Conf. on Knowledge Discovery and Data Mining, KDD 2003, pp.
286–295. ACM Press, New York (2003)

31. Witten, I.H., Frank, E.: Data Mining: Practical Machine Learning Tools with Java
Implementations. Morgan Kaufmann, San Francisco (2000)

32. Yan, L.-S.: Study of carcinogenic mechanism of polycyclic aromatic hydrocarbons-
extended by region theory and its quantitative model. Carcinogenesis 6(1), 1–6
(1985)

33. Woo, Y.-T., et al.: Use of mechanism-based structure-activity relationships anal-
ysis in carcinogenic ranking for drinking water desinfection by-products. Environ.
Health Perspect. (1), 75–87 (2002)


	Computing Graph-Based Lattices from Smallest Projections
	Introduction
	Pattern Structures on Sets of Graphs
	Analyzing Graph Datasets Using Lattice-Based Approaches
	A Top-Down Algorithm
	Top-Down and Bottom-Up Algorithms

	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




